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1 INTRODUCTION

Solving large sparse linear systems is a fundamental building block
in scientific computing. We are interested in solving a system of
equations
Lx=b, (1)

where L € is an irreducible (cannot be reduced to two
independent sub-problems) symmetric diagonally dominant! (SDD)
matrix. Such linear systems appear in many applications in science
and engineering, most commonly as discretizations of PDEs.

Existing software packages of sparse linear solvers fall into two
categories: sparse direct methods and iterative methods. Sparse
direct solvers usually require significant computation and storage,
especially for solving problems in three dimensions (3D). While
iterative solvers require O(N) computation and memory for every
step, the number of iterations typically increases as the square root
of the condition number. Therefore, appropriate preconditioning is
required to render better practical performance.

In this work, we present a preconditioner based on the ran-
domized sampling scheme in [8, 12]. In particular, we compute an
approximate Cholesky factorization

PTLP ~ GG', (2

RNXN

where P is a permutation matrix and G is a sparse lower triangular
matrix. Our contributions include

(1) parallel algorithm for shared-memory machines implemented
using C++ thread library,

(2) evaluation of sparse matrix reordering strategies, which is
crucial for practical performance, and

(3) benchmark on variable-coefficient Laplace operators in 3D
and general sparse matrices.

2 RANDOMIZED CHOLESKY

For standard Cholesky factorization, we start with L = L, and at
the k-th step (k = 1,2,..., N — 1), we perform the following rank-1
update:
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where £, L) (:,k) and L) (k, :) denote the k-th diagonal, column
and row in L(K), respectively. Suppose L&) (k,:) has n + 1 non-
zeros; it is well-known that L(**1D contains a dense n X n sub-
matrix corresponding to the clique among n neighbors of k in the
underlying graph of L% [3].

Here we follow the randomized sampling scheme in [8, 12] and
keep only O(n) fill-in in L**1) To that end, we need to first convert
Eq. (1) to a closely related Laplacian linear system [5]. Without loss
of generality, we assume L is a Laplacian matrix?.

‘lL =LT and £;; > 2 j#i |6ij| forall i.
PL=L", ti; = Y4 |tij| forall i, and £;; < 0 when i # j.
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Define L0 |, = 20 (i) bkib;—i, where £; is the (k, j)-th
entry in L), by; = e — e; is the difference of two standard bases
in RN. Observe that L¥*D can be rewritten as the sum of two
Laplacian matrices as follows [8]:

L0 Z g0 10— L0 r® k.
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Laplacian matrix

Laplacian matrix
In particular, the second term equals to

Ui bk j
2s

bijbjj, (4)
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which is a n X n dense matrix. From a graph perspective, Eq. (4) can

be interpreted as a clique with n(n — 1) /2 edges.

The randomized scheme [12] samples only n — 1 edges from
the clique, which still equals to Eq. (4) in expectation. Because
of the reduced amount of fill-in, the randomized Cholesky factor-
ization is much faster and requires much less memory than the
exact Cholesky factorization. The pseudo code of the randomized
Cholesky factorization and the sampling scheme are shown in Al-
gorithm 1 and Algorithm 2, respectively.

Algorithm 1 Randomized Cholesky Factorization

: Input: irreducible Laplacian matrix L
: Output: lower triangular matrix G

: G=0NxN

:fork=1toN-1do

G(:k) = L( k) [Virx

L =L+L% 4+ SampleClique(L)

. end for
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Algorithm 2 Sample Clique

1: Input: irreducible Laplacian matrix L and elimination index k
2: Output: sparse Schur-complement update C

3 C=O0NxN

4 Sort N = {i: f; # 0,i # k} in ascending order based on |f;|
5 S =k

6: while |[N| > 1do

7. Let i be the first element in N // loop over neighbors
8 N =N/{i} remove i from the set
90 S=S+1;

10:  Sample j from N with probability | ;|/S

11: CZC—%bijb;rj

12: end while
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Figure 1: (Left) nested-dissection of a mesh/graph of L.
(Right) nested-dissection tree.
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3 PARALLEL ALGORITHM

Suppose there exists an underlying mesh for matrix L, and we split
it into two disconnected components and a (vertex) separator. Then,
we can apply the randomized Cholesky factorization on the two
disconnected pieces in parallel. With more than two threads, we can
compute the same partitioning recursively on the two independent
partitions; see Fig. 1(left) for a pictorially illustration. Technically,
the above procedure is known as the nested dissection [4] and
can be computed algebraically using METIS/ParMETIS [6, 7] or
Scotch/PT-Scotch [2].

The nested dissection partitioning is naturally associated with a
tree structure, where leaf nodes correspond to disconnected regions
and the other nodes correspond to separators at different levels; see
Fig. 1(right). This tree maps to the task graph of a parallel algorithm:
every tree node/task stands for applying the randomized Cholesky
factorization to associated rows/columns of L. It is obvious that
tasks at the same level can be executed in parallel.

Notice a task depends not only on its children but also some of
their descendants, and we employ a multi-frontal type approach [9]
in our parallel algorithm, where a task receives the Schur com-
plement updates from only its two children and sends necessary
updates to its parent (a task communicates only with its children
and parent).

To summarize the parallel algorithm, we first compute a nested
dissection of log, (nr) levels when nt threads are available. Then,
within each independent region at the leaf level, we employ the ap-
proximate minimum degree ordering [1], a fill-in reducing heuristic
that can be computed much faster than nested dissection. Finally,
we traverse the task tree in post order to generate tasks and map
them recursively to all threads/cores following the nested dissection
partitioning.

4 RESULTS

Our poster presents three numerical experiments to answer the
following three questions:

(1) How does our preconditioner (rchol) compared with the

thresholding incomplete Cholesky factorization [10, 11] (ichol)?

(2) What type of problems can be solved with the rchol pre-
conditioner?
(3) How does our parallel algorithm scale on a multi-core CPU?

To answer the first question, we compared rchol with ichol on
a discretized variable-coefficient Poisson’s equation on a regular
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grid with Dirichlet boundary condition. Specifically, we construct
a high-contrast random field of coefficients a(x) as follows. First,
generate standard uniform random numbers g; on a regular grid
and compute the median p. Second, convolve the coefficients with
an isotropic Gaussian of width 4h, where h is the grid spacing. Last,
quantize the coeflicients by setting

aj = { P 11/22’

P

The resulting linear system has a condition number of O(pN),
where p ranges from 1 to 10%. Our results show that the number of
iterations and the preconditioned Conjugate Gradient (PCG) total
time required with rchol are always much less than those with
ichol under the same memory constraint.

For the second question, we tested rchol on four symmetric
positive definite (SPD) matrices from the SuiteSparse Matrix Collec-
tion® (with unknown mesh), and we compared rchol with ichol
through PCG. Although two of the matrices are not SDD, we were
still able to apply the rchol preconditioner successfully, and the
results also show rchol leads to much less number of iterations
and total PCG time than ichol.

Lastly, we presented parallel scalability on the discretized variable-
coefficient Poisson’s equation with p = 1in Eq. (5) on a 1024X1024 X
1024 grid (one billion unknowns). The preconditioner required about
200 GB in single precision demonstrating the superiority of mem-
ory footprint over direct solvers. Moreover, the algorithm scaled
up to 64 threads with every thread bound to a single core. As the
number of threads increases, the load imbalance from graph parti-
tioning, the upsurge in time spent on separator along with memory
contention among threads become the bottleneck.

ai <u (5)

ai>u

5 CONCLUSION

Randomized Cholesky is unique because it is one of the few existing
non-deterministic preconditioner for iterative methods. Compared
with the reference method, rchol attain better performance in
terms of iteration counts and total PCG time. Moreover, rchol
preconditioner typically requires only a few times more memory
than storing the original problem. Last but not least, rchol achieved
satisfactory speedup with up to 64 threads on Intel Xeon Platinum
8280M. Our implementation of the algorithm can be found at

https://github.com/ut-padas/randchol
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